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Abstract 

We consider a scalar (p 4 theory on canonically deformed Euclidean space in 4 dimensions 
with an additional oscillator potential. This model is known to be renormalisable. 
An exterior gauge field is coupled in a gauge invariant manner to the scalar field. 
We extract the dynamics for the gauge field from the divergent terms of the 1-loop 
effective action using a matrix basis and propose an action for the noncommutative 
gauge theory, which is a candidate for a renormalisable model. 
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1 Introduction 



Feynman rules for Quantum Field Theory over noncommutative spaces lead for planar dia- 
grams to the standard renormalisation problem, for non-planar ones an additional problem 
running under the name of infrared / ultraviolet mixing shows up. 

In a previous work [1,2], the structure of divergences is studied carefully, and it is realised 
that the expanded model with four marginal operators leads to a renormalisable theory, 

S = J d 4 x (^</> * [x„, [x v , 0] J* + ^0 -k {x v , {x u , 0}*}* 

+^0*0+ |r0* 0*0*0) (x) . (1) 

This model fulfills the Langmann-Szabo duality [3] which motivates the added term. There 
are various proofs of renormalisability available [4,5]. Similar results for fermion models have 
also been obtained by the Paris group [6]. We restrict ourselves to the canonical Euclidean 
space with constant commutation relations 

[ x f * x v \ = 16^, (2) 

where 9 lj = —9 jt G R, and the ^-product is given by the Weyl-Moyal product 

f*g(x) = e u> '"'™ r &f(x)g(y)\ y ^ x . (3) 

The differential calculus is generated by 

= -ifo,,/]*. 

In order to obtain the action for a gauge theory, which hopefully is renormalisable, we 
extract the divergent terms of the heat kernel expansion. Such a procedure leads in the 
commutative case to a renormalisable gauge field action. We introduce the local, unitary 
gauge group Q under which the scalar field transforms covariantly like 

1— > u* -k <f>*u, u G Q. (4) 

The approach employed here makes use of two basic ideas. First, it is well known that 
the ^-multiplication of a coordinate - and also of a function, of course - with a field is not a 
covariant process. The product x M * will not transform covariantly, 

X M * (j) U* -k X^ -k (f) -k U . 

Functions of the coordinates are not effected by the gauge group. The matter field <fi is taken 
to be an element of a module [7]. The introduction of covariant coordinates 

X v = x v + A v (5) 
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finds a remedy to this situation [8]. The gauge field and hence the covariant coordinates 
transform in the following way: 



Using covariant coordinates we can construct an action invariant under gauge transforma- 
tions. This action defines the model we are going to study in this article: 



Secondly, we apply the heat kernel formalism. The gauge field is an external, classical 
gauge field coupled to (p. In the following sections, we will explicitly calculate the divergent 
terms of the one-loop effective action. In the classical case, the divergent terms determine 
the dynamics of the gauge field [9-11]. There have already been attempts to generalise this 
approach to the non-commutative realm; for non-commutative 4 theory see [12,13]. First 
steps towards gauge kinetic models have been done in [14-16]. However, the results there 
are not completely comparable, since we have modified the free action and expand around 
— V 2 + VL 2 x 2 rather than —V 2 . 

A few days ago, A. de Goursac, J.-Chr. Wallet and R. Wulkenhaar [17] published a paper 
where they computed the effective action for a similar model in coordinate space. They have 
evaluated relevant Feynman diagrams and obtained the same results as presented here. 

We note that the general formalism developed by A. Connes and A. Chamseddine [18] 
cannot be applied here, since in our case a tadpole contribution shows up, which is supposed 
to vanish in their work. 

As we will see, order-by-order contributions of the employed method are not manifestly 
gauge invariant. But they combine in the end and provide gauge invariant results. In this 
paper we will discuss the case Q ^ 1 in D = 4 in detail, for the interesting special case 
Q = 1, we refer to a subsequent paper [19] and to a recent conference report [20]. 

In the following two sections, we describe our model and the employed method of ex- 
tracting the singular contributions of the one-loop action in detail. In Section HI we sketch 
the explicit calculations. The results are summarised in Subsection 14.51 and discussed in the 
final Section. 



A^ i— > iu* -k QpU + u* -k A^-k u , 
i — > u* -k Xfj, -k u . 



(6) 



S 




(7) 



2 The Model 



Let us start from the action (J7J) 



S 
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u 2 A 

+ y * + * * * ) (X) . 



The expansion of S yields 

S = S + Jd 4 x^(f)* (?\A V *d v <\)-?\d v <\)*A v 

+2(1 + Vl 2 )A v -k A u * 4> - 2(1 - n 2 )A u -k(j)-k A h 
+2Q 2 {1; U ,(A U *4> + 4>*A U )}+ 



where Sq denotes the free part ot the action independent of A. Now we compute the second 
derivative: 

^2 <^ 2 A 

(VO = g,(0*0*'0 + "0*0* + 0*^*0) 

H-i^A" * ^ - iV> * ^A" + 2L4" * fi^ - 2i^^ * A 1 ' 

+ (1 + n 2 )4, * A" * V - 2(1 - n 2 )4, * V * ^ + (1 + fi2 )^ * A, *A" (9) 

+2fi 2 [ z„ ■ (A v * ip + ip * A v ) + (x„ ■ ip) * A v + A" * (x„ • ^) 



where 



5 2 



+ 4fi 2 x i ,x !/ + n 



dx v dx L 



(10) 



The oscillator term is considered as a modification of the free theory. We use the the following 
parametrisation of 9^ v : 



foe 

-e o 

V 



\ 

9 
-9 0/ 



( -1/9 
1/9 

V 



\ 

-1/9 
1/9 J 



We expand the fields in the matrix base of the Moyal plane, 



A V (X)= ^ A pqf P q( X ) ></>(*) = 4>pqfpq{x) , V>0) = ^ Ml 

p,q£N 2 p,gGN 2 p,q<=N 2 



I'll 



X 



(11) 



This choice of basis simplifies the calculations. In the end, we will again represent the 
results in the x-basis. Useful properties of this basis (which we also use in the Appendix) 
are reviewed in the Appendix of [1]. Using Eqns (IA-21) and flA-3j) from the Appendix, we 
obtain for ([9]) 



5 2 S 



(fmn) (^) 



^ Cr r s;mnfs 
r,sSN 2 



(X 
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+ J2 (^<j>*<j>+(l + n 2 ){X u *X»-x 2 )) f rn (x) 

Vo! / rm 

reN 2 

+ E * ^ + ( x + fi2 ) * - £2 )) n /-( a; ) 

+ ^ ] (y7^4>rrn4 > ns ~ 2(1 — n 2 )A„ ]rm A^ s j frs( x ) 

+(i - £ (^!.: + j/ i ,„_ 1 - vffTT4:;l/,„ 

r£N 2 r 2 m 2 r ra ,.2^2 r n 

+V^A (2 1 +) 1 / rl nl - V^+IA^/,! nl 

-(1 - ^ 2 )i\/f £ ( " >^ r + lA S/» 1+ ^ + v^ 1 "}/^.^ 

V " _„.„ x „2o2 m 2 s 2 „2 a 2 m 2 s 2 



seN 2 n 2 s 2 m s n 2 * 2 ™ s 

n 2 s 2 m 2 +ls 2 n 2 s 2 rn 2 — ls 2 



where 



A (l±) = A l ± iA 2 ; ^ 2± )=A 3 ±iA 4 . 

We extract the (//c)-component of ffT2l) : 



I r in \ Jmn) I n kl\mn ' r> v kl;mn — -^k^mn j 

//fc 2 



where 



#mn,w = (^-+(l+fi 2 )(r2 1 +m 1 + l) + (l+fi 2 )(n 2 +m 2 +l))5 n i fc i5 m i Z i5 n 2 A; 25 m 2,2 
-(l-fi 2 )(vW«W^ 

- (1-fi 2 ) (V A; 2 / 2 5 n 2 + i ifc2 5 m 2 +li ;2 + Vm¥^ 2 _ life 2(5 m 2_ 1)i 2)(5„i )t ii5 m iii 

is the field-independent part and 

A 



V k i., mn = f-0 * + (1 + n 2 ) (X v *X V - i: 2 )) 5 nk 
+ (^0 * + (1 + (X v *X V - x 2 ) ) ^ 

+ Qfrm(pnk ~ 2(1 - n 2 )A uM A V n ^j 

+ (i - n 2 )iJ|(^;j2 - v^riAt;^ , 

\ V \ /2m2 fc 2 n 2 p m2 fc 2 „2 

;2™2 fc 2 n 2 -l ;2™2 k 2 n 2 +l / 



- (1 - fi 2 )ivf( - Vm^+lA^S^i + V^A^- k l5 ml _ ul 

V V \ n2k2 m 2 t 2 n2k2 m 2 p 



- Vri + 1A<™6 ml ;1 + Vm?A^5 ml ;1 . (16) 

n 2j,2 m 2 +ll 2 n 2fc2 m 2 -\l 2 ' 

The heat kernel e~ tH ° of the Schrodinger operator ffTUj) can be calculated from the propagator 
given in [2]. In the matrix base of the Moyal plane, it has the following representation: 



e- tH ° 



mn\kl 



e 2t(T &m+k,n+l ]_ J_ K m i n i .frit (t) , (17) 



i=l 

min(m,i) 



— <«- s v(-)(3 HW 



X (l_|lz^ e -4nt)a+m+/~l(l + n)2j U + fiJ ^ 



min(m,i) 



, s u J \u I \m — u ) \l — u , 

/i _ r)2 \ rn+l-2u 

x e 2m f i—^i- sinh(2fit) J X n (t) a+m+m 



where 2<r 2 = (/i 2 #/2 + 4fi), and we have defined 

- (i + n) 2 e 2nt - (1 - fi) 2 e- 2 ™ ' ^ 20) 
For f2 = 1, the interaction part of the action simplifies a lot, 

V hl . mn = (^0*0 + 2(X^*X^ ~&)\jnk 

+ (^0 * + 2 (X^ * - 5 2 )) 5^ + ^0 im 0„ fc (21) 

= O-lm^nk + O-nk^ml + 7y4>lm4>nk , (22) 

and for the heat kernel, we obtain the following simple expression: 

(e- tH °) = 5 ml 5 kn e-^ 2 f\e- 2t ^\ (23) 

V / mn:kl 

i=l 

2 

^WK*) = 5 ml \[e~ 2t ^ +k '\ (24) 



i=l 



where a 2 = ^ + 2. 
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3 Method 

Given an operator P on the algebra, we write 

Pfmn = ^2{Pmn)lkflk = / ] flkPkljmn ■ (25) 

Then, the composition of two such operators P, Q reads 

)lk(Pflk) — Hk,LrAQ 

mn)lk{,Plk)rsfrs 

X^fe l\P flk)Qkl;rnn J^fc,i,r,s frsPsr;lkQ kl;mn j (26) 

hence 

\P Q\sr;mn ^ ^ Psr;lkQ kl;mn ■ (27) 
k,l 

The trace of such an operator is then given by 



Tr-P ^ Pmn;nm • (28) 



iii.il 



Bearing in mind these index rules, we can compute the regularised one-loop effective 
action for the model defined by the classical action ([7]), which is given by 

V\ l [<P] = -\[j^{e- tH -e-^) . (29) 

One way to proceed would be to use the Baker- Campbell-Hausdorff formula (it is used e.g., 
in [12]), 

Tr ( e' tH - e- tH °) = Tr f ( - -W + ~\H°, V] - —IH , \H°, V]] + ^-V 2 )e- tu " 



(30) 

However, for reasons of convergence, we use the Duhamel formula instead. We have to 
iterate the identity 



e -tH _ e -tH° 



_ f da e~° H d ~V e'^ H \ (31) 



o 



giving 



e- tH = e- tH °-- f dhe-^Ve-W 



o 



2 

+ f 6 Y f dtl r dt 2 e- t2H °Ve~^ H °Ve-^ H0 + ... (32) 
^ 2 / J J 



We thus obtain^ 



I* = t f°° dt Tr Ve- tH ° -%. ["I* [ dt't'TrVe- t,H0 Ve-^ H0 (33) 

4 Je 8 Je t Jo 



°-j j I dt' l" dt"t" Tr Ve -t"H° Ve -(f-t")H° Ve -(t-t')H° 



9 s r dt 

I dt' I 

Jo Jt 

-- [°°- fdt' f ' dt" t" dt"'t"'Tr Ve-^Ve^'-n^Ve-^-n^Ve-^'-nH 
32 J e t J J J 

+ 0(9 5 ) 

= ^liM + ri lt M + ri lt M + ri h M + o(e 5 ) . 

The first term in both expansions coincides. Contributions to Eqn. (1331) higher than fourth 
order are finite. 

For simplicity, we introduce an additional double index notation: 

2 

Y\ ^■m l n i ;k i l l (j) = ^mn;H^) (34) 
i=l 

Indices not indexed by 1 or 2 are supposed to be double indices, unless otherwise stated. 
Operators H° and V entering the heat kernel obey obvious scaling relations. Defining 

V 

v = TW 



1 + fi 2 ' 

and the auxiliary parameter r 

r = t(i + n 2 ), 

it leads to operators depending beside on 9 only on the following three parameters: 

i = e(l + Q 2 ), (36) 

? = T+Tf' < 37 > 

The task of this paper is to extract the divergent contributions of the expansion fl33|) . In 
order to do so, we expand the integrands for small auxiliary parameters. The divergencies 
are due to infinite sums over indices occurring in the heat kernel but not in the gauge field 
A. After integrating over the auxiliary parameters, we obtain the divergent contributions 
listed and calculated in the next section. In the end, we convert the results to x-space using 

in 

where B(x) = J2 m , n B mnf mn (x). 

3 In the ^-bilinear integral we set t\ — £2 = t — t' so that the ti integration goes from to t'. 
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4 Calculations 



We concentrate on the gauge fields and set A = 0. The A 2 term in Eq. ( Tl6l) does not need 
to be considered, since it leads to finite contributions in all orders. Let us examine the 
calculation of the Duhamel expansion (|33|) order by order. 



4.1 First order 

To first order the Duhamel expansion (1331) of the effective action yields 



Q roo ^ 

^11,1 = T / ^ ^ ^ Vfci;mn(c )nm;lk 
e k,l,m,n 

4 Je , , V n 2 k 2 n 2 fc 2 



n 2 k 2 +l n 2 +lk 2 



l 2 m 2 I 2 m 2 

Z 2 m 2 +1 « 2 +lm 2 / V f 

+(1 + fi 2 ) f (1,, * X v - x 2 ) lm 6 nk + (X u * X v - x 2 ) nfc cW 

The divergences are due to partial traces of the Kernel K(t), i.e., sums over indices that 
occur in K(t), but not in the gauge fields. There are two relevant traces - no double index 
notation is implied here - , namely 

oo 



n=0 

min(m,n) 

' m\ In 



E E 



oo min(m,n) , x / x e _4nt(|n+Im-«) ^ _ e -40t^2o . 4^ . n+m-2«+l / 1 _ Q N 2, 
n=0 n=0 \ / \ / ^ (l+n) 2 ^ 1 \ ' J 

e 2nt Xn(t) m+i ( ^ + m(1 _ fl2 )2 ie e j ^ ^ + ^ 

n=0 n=0 

^ jng A + m (l-^ 2 ) 2 (e^-e^)^(t) \ + ^ 



l-Xn(t) V 16ft 2 (l-X Q (t)) 

rrW( 1 + 2nt(1 -^») + 0(t) 



S 



and 



£ v^+I^+i.n+i^^^) = - (1 + fl2)2 + 2fit (1 - \ + ^ )j + 0{t) . (39) 



The partial traces together with Eqns. (1A-3I) and (|A-6[) and the identity 



{x",A ll } ie = 2x^ = 2^) 

lead to the following result: 

4„ lf (^,^ + 5(i_p!) (2M) 

+0(e°) . 

Both, logarithmic and quadratic divergences occur. Some logarithmic divergences also stem 
from the constant term in the expansion of the partial traces ([3*8]) and (1391) . which will be 
called subleading divergences. 

4.2 Second order 

The second order calculations are quite involved, and there are numerous contributions. 
Thus, for the clarity of presentation, we divide calculations up. According to Eq. fl33|) . we 
need to calculate 

^11,2 = ~ ~~g I ~ e ^ 1 j d£ ^ 2-J Vkl-mnK(t') nrn . ai y ba . cd K(t — t')dc-lk ■, (41) 

e ^ k,l,m,n,a,b,c,d 

where the potential V is given by Eq. ("161) . Let us rewrite Eq. ("16!) in a schematic way: 

V " = " X 2 + A, (42) 

where the part "A" consists of two different blocks, later on referred to as first and second 
block. To second order, we have to consider two potentials. Therefore, there are three 
different contributions which all produce divergent terms. 
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4.2.1 X 2 -X 2 

First, we insert for both potentials the terms proportional to X -k X — x 2 . We obtain 



6 r°° dt 2 f 

r^^.i = — -g- / ye _2<T * / dt' t f K(t') nm . mn K(t - t') k i-i k (l + n 2 ) 2 

x((X* 2 - x 2 ) lm 5 nk + (X* 2 - x 2 U<5 /m )((X* 2 - £ 2 ) m ,4n + (X* 2 - £ 2 ) fcn 5 w ) 

rp, roa j± pt 

= -2(1 + H 2 ) 2 — y je- 2a2t J dt't'K{t') nm , mn K{t-t') kl , lk 
x(X* 2 -3; 2 ) lm (X* 2 -x 2 ) ml + O(e ) 

= hi [ d A x-{X* 2 -x 2 Y 2 + 0{e°) 
An 2 I 



j d * x ^(1 + fi 2 )2 | ( ^ 2) , 2 _ ( ~2 )2 _ 2 ~2 ( ^ ^ ^ 



lne f , A 3 

127T 2 (l + fi 2 ) 2 

-4£ 2 (M)} + £>(e°), (43) 
where we have used Eq. (1381) . Summation over all indices is implied. 

4.2.2 A-X 2 

Let us examine the field content A^ 1 ^ — X 2 , where A is taken from the first block. For this 
contribution to the effective action is given by the following expression: 

x (5 — x )ac^db + (X* — 5; )d&<5 ac I Knm;db(t ~)Kdc;lk{t t )^n+a,m+b^d+l,c+k 



Vn 1 + lA\ l m \X* 2 - x 2 ) ac K nm . ad {t')K dlcl llnl+1 (t - t')5 n+a , m+d 6 dl+ll cl+ „ 1+1 (44) 

d 2 c 2 ;l 2 n 2 d 2 +l 2 , c 2 +n 2 

+Vn r TlA^\x- k2 - x 2 ) db K nm . ab (t')K dlal llnl+1 (t - t')S n+aim+b 5 dl+ll ol+nl+1 ) .(45) 

d 2 a 2 ;l 2 n 2 d 2 +l 2 , a 2 +n 2 J 

The contribution of line (j4"5"|) is finite, and line (jUJ) gives two divergent contributions: 

r\ 2 , = ^Vf( 1 - fi2 )( 1 + fi2 )/°°f e ^/^' (46) 
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Vn^ + 1A£-\X* 2 - i 2 ) mW K nlml ml+lnl+1 (t')K nW clnl+1 (t - t') 



L + lc 1 ' ll n 1 m 1 raHliHU /^'nHlc 1 c L n L + l\ 

m 2 e 2 n 2 m 2 : m? n 2 n 2 c 2 :c 2 n 2 



+V^TlA^- + l ml (X* 2 - x 2 ) mc K nm . mn (t')K nlcl cl+lnl+1 (t -t'))+ O{e ) 



n 2 c 2 : c 2 n 2 



The formulae for the partial traces over two kernels are given in the Appendix, Eqns. flA-41) 
and (1A-5|) . resp. Only the leading terms in the expansions are necessary, since the subleading 
terms are already finite. 



n, 2 , = ! ^\/f( 1 - fi2 )( 1 + fi2 )/ 0O f e " 2ff2t /^' 



x ( V^TiAtKB 2 - 4h ^^ ' 



i l-n 



2 



+Vm^+TA$:i 1 (B 2 - x 2 ) mc ^ — * ■ " (t - )+O(e ) 



,# 2 /2 olne 



- ? 2iV^V v/; ^ TT (47) 



9/1(1-) -.(1+) a(1-) ,o ^(1-) j(l-) 4(1 + ) , 4(1-) 4(1-) 4(1+) 
^ m 2 a 2 m 2 a 2 m 2 c 2 

+A^l cl A^A^ + 44^(2M) ml ^ lcl + 2A { ^lj2xA) cm ) + O(e ) . 

m 2 c 2 m c m 2 c 2 / 

We also need to consider the configuration X 2 — A* -1 ), where A* -1 ) is on the second position. 
The result is similar to the one above, we obtain 

m 2 a 2 m 2 a 2 m 2 c 2 



c m 2 c 2 



From the second block, we obtain the same results as above. Using Eqns. ( ]A-7j) and ( 1A-12I) 



and taking into account the contributions from the second oscillator, we obtain 

1 /* OC / o 

r k 2 .4 = 127r2 ~ ^ 2)2 / d*x(l-n 2 ) 2 l-A,*A^{^*A^ (4J 

3 
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4.2.3 A — A 



Divergent contributions are built from fields A^ 1+ ^ and A^~\ resp., A^ 2+ ' and A*- 2 "- 1 from 
the same block. Plus and minus need not to be saturated. Mixed contributions containing 
fields from both oscillators are finite. 



— A( 1+ ). Let us consider contributions with the field content A^ 1+ ^-A^ 1+ \ from the 
first block. From Eq. ( HTl) we obtain 

IVb = \[ je- 2t ° 2 f dt't' (1 - ^)^V¥j^J^K^{l!)K^{t - 

X5 fc i +ln i 8 b i +ld i 5 n+a , m +b5d+l,c+k (49) 
k 2 n 2 b 2 d 2 

= { [ je- 2t ° 2 jf dt't' (1 - fi 2 ) 2 VF + WTI 

fc 2 ,m 2 ;a 2 ,b 2 6 2 ,c 2 ;Z 2 ,fc 2 



9_ J°° dt e _ 2t!T * j t d£i j( 1 _tfy 



x\(k l + l)A^ 1+ A^+l + K kl+1 ml+1 ml fel ,! fcl (t - 

I ;2 m 2 m 2 ;2 fc 2 , m 2 ;ra 2 ,fc 2 fc 2 , Z 2 ;Z 2 ,fc 2 

+VJ^Vk r +2A^ ) A^ + K kl+1 ml ml fcl+1 (t')^ 1+2 il+2 ,i ,i (t - 

m 2 p k 2 ,m 2 ;m 2 , k 2 k 2 , I 2 ;l 2 ,k 2 

m 2 ;2 A; 2 , Z 2 ;Z 2 ,fc 2 Zc 2 ,m 2 ;m 2 , A; 2 

+O(e ) . 

The other contractions of the two kernels yield finite contributions. In the other cases, the 
difference in indices is two or bigger, and we have for small t 



K m+ ,, n+ ^ m (t) - E((r+^)(r)( 



m + P\ ( m \ ( n + 0\ ( n ^ x ' 



v + {3 ) \v 

2 \ 2V+/3 



e 2Ut 



x I i^lsmh(2m)j "\ n (t) m+n+/3+1 



/3 A P 



(1 - fi 2 ) /3 t /3 X n (t) m+n (l + 0(t)) 



with /3 G N fixed. With increasing f3 the results are less divergent, for (3 — 3 already finite. 
We get 

r £ x , 25 = -Ifl^Vlnev^nv^TT^+l A^t\ 

24 \ 1 + / i v i c l m l+l mlci+l 

\ / c 2 m 2 m 2 c 2 
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10 \ 1 I D2 / v v i ci-lm 1 m'c 1 



12 Vl + fi 2 / 
+O(e ) . 



c 1 — lm 1 m 1 c-L + l 

c 2 m 2 m 2 c 2 



(50) 



The same contribution comes from the second block. Therefore, there is an overall factor of 
2. 

A (1_) - A (1 ~). Similarly, for A^-A^ - first block - we obtain: 

r e u> 2.6 = I [ je- 2t * 2 J' dt't' (1 - tfjWWWW " 

X ^i n i+i ^ftldi+l <Wa,m+6 <Wi,c+fc 
fc 2 n 2 b 2 d 2 

= ( ^^VlnevWTlv/^TI^-; ^ x (51) 

24 V 1 + / c 2 2 m t 2 

12 I 1 + ^ / C t lm 2 V 

Again, we have to take into account an overall factor of 2, which results from the equal 
contribution from the second block. 

— A^ 1 ^. Next, let us consider the contribution A^ 1+ ^ — A^ 1 "^ from the first block: 

X( 5fci+lni £f>l d i+l <Wa,m+6 <W/,c+fc 

k 2 n 2 b 2 ci 2 
"oo j+ pt 

)2\2 



x ^ (A; 1 + l)A£+>4^tf fc i +1 ml ml fc i +1 (0^*i c i dAt ~ t') (52) 

I k 2 ,m 2 ;rn 2 , k 2 k 2 c 2 ;c 2 k 2 

+ V / (A: 1 + W + 2)A^A^ 1+1 K kl+1 ml ml+1 h i +2 (f ^n+id+i " (53) 

m 2 c 2 fc 2 ,rrt 2 ; m 2 , k 2 k 2 c 2 ;c 2 k 2 

+ 1)(^ + 2)A^l 1+ A^K kl+2 ml+1 ml fcl+1 (0^id ci +lfc i +1 (* - (54) 

c 2 m 2 fc 2 , m, 2 ;rrt 2 , A; 2 fc 2 c 2 ; c 2 fc 2 

+ (A; 1 + 1)^ 4^X fcl+1 ml ml fcl+1 (0^i e i d n (55) 

c 2 +lm 2 +1 fe 2 +l,m 2 +l;m 2 , fc 2 fc 2 c 2 ;c 2 +l,A: 2 + l 

fc 1 c 1 c 1 fc 1 (f - f ) (56) 
m 2 +lc i c 2 +1 fc 2 ,m 2 ;m 2 +l,k 2 +l k 2 +1 ,c 2 +l;c 2 ,k 2 J 

+O(e ) . 
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The contribution from the choice A^ 1 > — A^ 1+ ^ , first block has a similar form: 

n,,„ = -- f°- f'dt't'e-^n-n 2 ) 2 



11,2.8 4 , t 







X 



(k 1 + l)A^A^pK kl ml ml kl (t')K kW clkl+1 (t - t') (57) 

k 2 ,m 2 ;m 2 ,k 2 k 2 c 2 \c 2 k 2 

+ V / (A; 1 + IW + 2)At ] A { ^ icl+ K kl ml ml+1 fcl+1 (*')K fel+2cl+1 - (58) 

m 2 c 2 k 2 ,m 2 ; in 2 , k 2 k 2 c 2 ;c 2 k 2 

+ v / (^ 1 + l)(fci + 2)A { ^ + l ml+ A^K kl+1 ml+1 m} fel (t')^ +lo i c i +1&1+2 (*-0 (59) 

c 2 m 2 fc 2 , m 2 ;m 2 ,k 2 k 2 c 2 ; c 2 fc 2 

+ (A; 1 + 1)A (1 ; } AL +) iT fel rol mlfcl (0^ 1+lcl c i fcl+1 (*-0 (60) 

c 2 +lm 2 +l k 2 +l,m 2 +l;m 2 ,k 2 k 2 c 2 ;c 2 +l,fe 2 + l 

+ (A; 1 + l)^")^ cl K fclml ml fcl (0^ +1 d .i^i-Ol. (61) 

m 2_)_^ c 2_(_x k 2 ,m 2 ;m 2 +l,k 2 + l fc 2 +le 2 +l;c 2 , A; 2 



In order to calculate the contractions ( |52ll6T|) . we distinguish between leading and subleading 
contributions. Leading contributions stem only from the leading terms of the infinite sums 
( 1A-4I) and ( 1A-5I) . In case of quadratic divergent contributions, the subleading terms will be 
logarithmic divergent and need to be considered. The contractions (152]) and (!57|) allow for 
these subleading divergences. 

Let us first consider the leading order contributions. We get the following results: 

• First contraction, term (1321 



e r dt 



4 / T 



-2ta 2 



dt't' (1 - fiV<! A^At ] + A^ ] Af^ 



nk kn 



X 



t 2 (i + n 2 ) 2 t(i + n 2 ) 

6(1-Q 2 ) 2 f dt _ 2ta 2 



+ O(e ) 



8(1 + ft 2 ) 3 J t 2 

1 (l-tt 2 ) 2 

'32tt 2 6 (1 + ft 2 ) 3 



Au 2 9 2 



(!+),(!-) 



+ O(e ) 



d x \ - 



1 M 2 



In e + 4ft In e A v * A v 



+ 0(e Q 



32vr 2 #' 



1 p, 



r,2 



/ tfa; - + — hie + 



(i+),(i-) 



+ O(e ) (62) 



Second contraction, term (153 



r = ^-p 4 lneVK + IXc 1 + l^^Ui + °( e °) 



24 



+i 

2 ,,2 



(63) 
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• Contraction (1541) 



ni,x9 = ^P 4 ln eVK + l)( C ' + l)^; ml+i 4-) + 0(6°) (64) 



Contraction fl55l) 



r = ^P 4 ^ ml + O(e ) (65) 



^° C 2 + lm 2 + l 



Contraction fl56l) 



r = -^pMneVK + l)(c 2 + l)^^ + O(e ) (66) 



Since 

1 



4tT 2 # 2 

by ' 



4:0 m 2 +lc 2 +l 



d x -k A^ — ^ [A[.^ A[ nc ^ + A^^ A^ mc ^) 



we denote the restriction of expressions to the fields A^ 1+S) and A^ 1 >. We have 

(i+)>(i-) 

used this notation e.g. in Eq. (|62|) . The missing parts are due to the field content A^ 2+S) —A^ 2 ^ 
in fT4Tj) . They complement each other. 

Sticking the above contributions together yields 

F - = + f '^T^'"')/^^' (67) 

+ — /lne^m 1 + lVc 1 + 1) ( A^+U (1 r } 1 +A ( l +) . A^'A 

\ m 2 c 2 c 2 m 2 / 

+ ^p 4 ln6v/(m 2 + l)(c 2 + 1) (A^A^-J c1 + A™ ml 

° V m 2 +lc 2 +l c 2 +lm 2 +l 

+O(e ) . 

From contractions (l5"T)) - (l6"Tj) (i.e., field configuration A^ 1 ^ — A^ 1+S) ), we obtain the same 
result as in (1671) (i.e., field configuration A^ 1+S) — A^ 1 "^). The second block also gives the 
same contributions. Therefore, we obtain an overall factor of 4. 

Next, we have to examine the sub leading contributions. We have to start at the sum of 
Eqns. f l52|) and fl57|) where we want to extract the subleading divergences: 

X \ ^OT ^mc'^+l ml ml fel+l(*')-^fclcl C lfel(^ ~~ 

I fc 2 ,m 2 ;m 2 , fc 2 k 2 c 2 ;c 2 k 2 
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+A^ m > A)^/K h i m i m i fe i (t')Zf fe i +lc i c i fc i + i(t — t') > . 

fc 2 ,m 2 ;m 2 ,fc 2 fc 2 c 2 ;c 2 fc 2 J 

Therefore, we expand the partial traces. For example, the second one yields: 

oo oo 
^(/C 1 + l)K k i m i. m l k i(t')K k i +ltC l. c i :k i +1 (t - t') 2j K k 2 m 2. m 2 k 2(t')K k 2 +lc 2. c 2j,2 +1 (t ~ t') 
fc!=0 fc 2 =0 

= X Q (t') ml+m2+2 X Q (t - t ' f +cZ+ "e mt (k 1 + 1) (X n (t')X n (t - t'))^ 2 

fc\fc 2 

minim 1 ,*: 1 ) / 1 02 \ 2u 



u=0 
;.l 1 1 „1 



£ r. r ^"- 



-4nt'' 



min(fc +l,c ) x x 2 2v 

' E ( , )(j^' > ( 1 #( 1 -^ 4n( '" ) ) 



u=0 



min(m 2 ,fc 2 ) , , „. . „ x 2 r 

x E OC)^^ 1 - 4 "") 

(1 + AQt - (m 1 + m 2 + 2)(1 + fi 2 )i' - (c 1 + c 2 + 3)(1 + fi 2 )(t - £')) 
1 

X (l-X n (t')X n (t-f)) 3 

+ (1 - n 2 ) 2 m l — + m 2 - + c 1 \ A } + c 2 ^—^ )+... 



t 4 t 4 t 4 t 4 

= (1 + AM - (m 1 + m 2 + 2)(1 + fi 2 )t' - (c 1 + c 2 + 3)(1 + fi 2 )(t - t')) 
f 1 3(1 + _ 3t'(l -^ 2 ) 2 \ 

„ l2t' 2 2 t' 2 x 2(t - t') 2 2 {t-t') 2 \ 

+ (1 - n 2 ) 2 (m 1 — + m 2 - + c 1 1 - ; + c'^^J + • • • 

using Xn(t) m = 1 — (1 + Q 2 )mt + (9(t 2 ) and the geometric series given in Eqns. II A- II) . Thus, 
we obtain for r\ t 2 10 to subleading order the following expressions: 

lne /l -fi 2 \ 2 /" . f 6fi , .„ 9 



, , , <rx < - — — A u * A* + —A u * A M 

24vr 2 Vl + ^ 2 y 7 I ^(1 + fi 2 ) M 4$ 



(!+),(!-) 
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16vr 2 # 



I , fl-Q, 
me 



2\ 2 



1 + 9? 



(!+),(!-) 



+ O(e ) 



lne /■ , 4 (1-n 2 ) 4 ( 1 



d x- 



-x^A^M") + —A^ -k 



12tt 2 (1 + 2 ) 2 7 ~~(l + fi 2 ) 2 V 4~ ' 29 p 

Sine (1-fi 2 ^ 4 



(68) 



(!+)>(!-) 



12(1 + fi 2 ) 2 (i + n 2 ) 2 



lne /l-^ 2 



2\ 2 



24vr 2 V 1 + ^ 2 
3 



6Q 



9 

0(l + fi 2 ) A ^^ + ¥ A ^- 4 ' ; 



(!+),(!-) 



' lne (- ^] I ,I l .rA„ * A 1 ' 



iqtt 2 6 \i + n 2 



(i+),(i-) 



+ C(e°) 



(69) 



(70) 



Summation of above contributions. Let us sum the contributions (joO]) . (joTj) . line 2 
and 3 of fl67|) and fl68|) taking into account the correct multiplicities. We obtain 



In e 



12,2.11 



i27r 2 (i + fi 2 ) 2 j d4x fi+Vy (-\&( A ** A ' l ) + l A i>* A ' 1 ) 
+ J^-^ aV(^ + ^ 



(71) 



6(1 + ft 2 ) 2 (1 + fi 2 ) 



+- 



e /i-^ 2N 4 



6 v i + n 2 



IneJim 1 + lVc 1 + 1) ( A^A {1 ~ ] . + . A 1 ^ 

V V / I cm m 1 +lc 1 +l ci + lmi + l mc 



+ 777 



2\ 4 



. lne ^(m 2 + l)(c 2 + 1) ( A^ A {1 ~\ , + A (1 t } . j4£-> 



m 2 +lc 2 +l c 2 +lm 2 +l 



_lfi^!yi nev ^r T T v ^r TTA (i+) 

12 I 1 + ^ 2 / ^ ^ 



+i 

,2 



(72) 



9 /l-fi 2x ' 



6 \i + n 2 
e ri-n 2 ^ 1 



hievWci+I^ +) 



c 2 m 2 m 2 c 2 



J— ^ lnevW^+1^ 

_L "I - & u / 9 9 9 9 



12 V 1 + ^ 2 
£ / 1 — fi 2 x 4 
6 

In e 

"12tt 2 (1 + H 2 ) : 

lne^ fl-Vt 
-6 



lnev / rr7+Tv / c T TT^7 i ) ,A {1 ;\ , 



c i + lm 1 m 1 +lc 1 

c 2 m 2 m 2 c 2 



2\4 



d a; 



1 



12 



(i+) /i(i-) 

fcn 
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+ 



+VK+WTTj [A^A^ , +A { l +) 1 A& 

V V J\ I l cm m l + i c l + i c l + i m l_|_i mc 

\ m 2 c 2 c 2 m 2 / 

-V^ + W + I f /X + A<;-> ^ (73) 

\ c 1 m J --\-l m 1 c- L +l c^ + lm 1 m^ + lc 1 / v f 

\ c 2 m 2 m 2 c 2 c 2 m 2 m 2 c 2 / 

-2V?v?n (^ +) +a ( ;-> 1 

\ c 1 — 1m 1 m 1 c 1 + l c ± +lm 1 m 1 c 1 — 1 / 

\ c 2 m 2 m 2 c 2 c 2 m 2 m 2 c 2 / 

^(iT^) 4ln£ f V(m!+1)(c2+1) (- 4<1 - t) »' ^ , +^ <1 :. ) .. ) 

V ~ r / ^ V c 2 +lm 2 +l m 2 +le 2 +l/ 

+ V(m 1 + l)(c 1 + l) f^A^ , +A { l +) , AfcA 

V V /V / \ cm m i +lc i +1 c i +lm i +1 rrtc I 

\ m 2 c 2 c 2 m 2 / 



In e 



12tt 2 (1 + Q 2 ) 1 



2\4 



(1 -ft 
+ 



(!+),(!-) 



lne / i-ft 2 V ! ! 



12 V 1 + ^ 2 / 2tt 2 



■4„ /i^ 



-2^ +) 4n~V + ™ 2 + i) 

In 6 / l-ft 2 \ 4 

12^ 1 1 + Q2 ) 



(!+),(!-) 



(74) 



1 _ 1 _ 1 _ 

We have made use of the matrix base expressions quoted in the Appendix. 



(i+),(i-) 



4.2.4 Second order result 

In the end, we can add up all the different terms. The result to second order is found to be 



11,2 



-p 2 In e 

127T 2 



I d ' X {( 



\{X^X^X V ^X V ~{x 2 ) 2 ) 

o 



(75) 



+^x 2 {A^A^) + ^(xA) 



3 
2' 
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\le A ^ A " + T lne l A ^ A " (76) 

+ (-^TT^)^^ + ^^ M (77) 

(\ 1 

-p 2 -{£„, A"}* * A M }* + -z^A" * A" 



2 



+ -k A^ -k {x u , + A"}* * {x^, A"}*^ | 



(7* 



+O(e ) . 
4.3 Third order 

In third order, the one-loop effective action is given by 

= — j — ( dt' ( dt"t"e 2ta ^n+a,m+b^d+g,c+f^v+l,u+k (79) 

e k,l,m,n,a,b,c,d,g,f,u,v 

^•Vkl;mn-K (t ^) nm\ab^ba\cdK {t t ^)dc\gfVfg;uv-K(t t ~) VU ;lk ■ 

There are two different divergent contributions. 

A — A — X 2 . In order to obtain a divergent contribution both A fields have to be taken 
from the same black, one with index "-" and one with index "+". So, let us consider the 
case A^ 1+ ^ A^ 1 ^ B 2 , where both, A^ 1- ) and A^ 1+ ^ are taken from the first block of Eq. ffT6|) . 
Then, we obtain 

r^ 3 .i = TeJ^jJ*^ I ^ /, * /, e- 2tCT2 (i + fi 2 )(i-^ 2 ) 2 ^W,m + ^ d+9iC+/ ^ +Z)U 480) 
xyfaA^s^i^Vdrug-^^ - t")K vu , lk (t - a) 

k 2 n 2 d 2 b 2 



x UB^ *B»- x 2 ) g J vf + (B^ *B»- x\ f 8 gu 

a2 poo ji ft ft 1 

— I - dt' dt"t"e- 2t °\i + n 2 )(i-n 2 ) 2 



c.d,l,m 
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xK dl+1 ml ml dl+1 {t")K dc , cd {t> - t")K md {t - t') + O(e ) 

d 2 ,m 2 ;m 2 , d 2 

o2 roo ij. ft r-t' i i 



^A ( ™ +, 4i < T , (B,*B"-i 2 ), 1 + 0( f °) 

c,Z,m 

J d A x 2 * * (S„ * B u - ~x 2 ) + O(e ) . (83) 
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There is an equal contribution coming from the second block. Therefore, we have a multi- 
plicity factor of 12, since we can additionally rearrange the fields in the product " AAB 2 " . 
Thus, we get 

= j d A xp 2 A ll * A" * (A u *A» + 2xA) + O(e ) . (84) 

A — A — A. All the fields have to be chosen from the same block of Eq. ffTBl) . Otherwise 
the contributions are finite. Either all three fields are from the same oscillator or only two 
of them. In the latter case the signs belonging to the same oscillator have to be saturated. 

We first examine the expression related to the choice A^ 1+ ^ — A^ 1 ' — A^~\ where all the 
fields are taken from the first block. The calculation yields 

Q3 roc ^ rt rt' g 

■^lZ 32 = ~Tn \ ~T I dt I dt t e a 5 n+am+ bfid+p,c+qfis+l,r+k (85) 
16 J e t Jo Jo 

(o\ 3 / 2 
V J k 2 n 2 d 2 b 2 

xVs 1 + lA^8 sX±ul K{t'') nm , ab K{t' - t") dc , pq K{t - t') sr]lk 

— j dt' j dt"t"e 2(7 1 ^ 4m^V^i+! r i 

1 JO J0 m „„ „2 r 2 



o\ 3/2 n3 poo 

1 e 16 v ; 



m,p,r 

X 



^(n 1 + l) 3 / 2 K(t") n i +1>m i. m i jn i +1 K(t' - t") n i p i. p i +ljn i +1 K(t - t') n i r i. r i n i 

n 1 

^ ^ K(t *)n 2 m 2 ]m 2 n 2 (j t ) n 2p2.p2 n 2 K(t t ) ri 2 r .2. r 2 rl 2 -\- CJ(^€ ) 



X 

rt 2 

# P 96 



^A/V^ E VF+l^^A^ + O(6 ) . (86) 



m,p,r 



The expression for A^)^ 1 ^A^ 1+S) is of a slightly different form: 



rb.3 = -< i- /| §W54 S ^i^'^-'^, + 0( t «) . (87) 
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Both terms, (I86I) and (157)1 appear 6 times. Note the difference in the overall sign. Therefore, 
we obtain the contribution 

1 U.3.4 — 1 l/,3.2 1 1Z,3.3 

= ime\ - — 



6 1Q\l + n 2 



X 

rmp 



Also the field content of the form A^ l+ 'A^ A^ 2± ^ produces a divergent contribution, e.g., 

r< - = ' '4 S v^TT^'-' At'4r» + . (89) 

Comparing (1A-10I) and (1A-12I) . we see that the above expressions (plus the ones we have 
omitted here) are equal to 

r e „ l3 .5 = J^l (l^) / d ' x ( A » * A " * &»> — x v * A^* A v * A^j + O(e ) . (90) 



Summing up all the partial contributions, we obtain for the action in third order: 

r U 3 = ^4 I <^{lf[ IA,,* An* + A II *A< 1 *{:,-,,. tA 1 '}.) (9.1) 



12tt 



J d 4 x | - A p 2 ^ * A»y 2 + A,*A»* {i u , *A u }^j 
-ip 4 (x v * Ap* A v * A» + A„* A»* {x v , *A"}^ J + 0(e c 



4.4 Fourth order 

The fourth order expression of the effective action reads: 

a4 poo j± ft ft 1 ft" 

r 1M = ~J ™ e -2o>t j dt > J df J dt ">f e -^t (92) 

X ^ ^ &n+a,m+b& d+e,c+ f & h+i ,g+j& q+l ,p+kVkl]mnK {t ) nm;ab^ba;cd 
XK(t" — t"')dc,efVf e - g hK(t' — t")h g -ijVji- pq K(t — t') qp -ik . 

There is only one divergent contribution stemming from the field content A — A — A — A. 
All the fields have to come from the same block. Fields from the second oscillator may mix 
with fields from the first in a single expression, but the signs need to be saturated for each 
oscillator. 
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The explicit calculation yields the result: 

n M = ^j d ' x \p A (- 2 (4. * ^r 2 - ^ **>* A " * A ") ( 93 ) 

+O(e ) . 

4.5 Summed up result 

Summing up the order- by-order result, we end up at the final expression for the gauge field 
action: 

?u = T^J^i^-P 2 )^*^-^) ( 94 ) 
+ lne (^(1 - p 2 ) (p 2 - p 2 ){X u *X V - ~x 2 ) 

+6(1 - p 2 ) 2 ((X^X^)* 2 - (x 2 ) 2 ) - p 4 F^ 

where the field strength is given by 

F^v = -iftn, A-v\* + *[^f> AJ* ~ i[ A »i A A* ■ (95) 

5 Conclusions 

Our main result is summarised in Eqn. (1941) : Both, the linear in e and the logarithmic in 
e divergent term turn out to be gauge invariant. The logarithmically divergent part is an 
interesting candidate for a renormalisable gauge interaction. We note that the resulting 
action has been proposed by R. Wulkenhaar and one of us (H.G.) in previous reports. As 
far as we know, this action did not appear before in string theory. The sign of the term 
quadratic in the covariant coordinates may change depending on whether jl 2 ^ p 2 . This 
reflects a phase transition. In a forthcoming work (H.G. and H. Steinacker, in preparation), 
we were able to analyse in detail an action like (|9"4~1) in two dimensions. The case Q = 1 
(p = 0) is of course of particular interest. One obtains a matrix model. We shall return to a 
study of these models in a forthcoming publication [19]. In the limit Q — ► 0, we obtain just 
the standard deformed Yang-Mills action. Furthermore, the action (j94p allows to study the 
limit 6 — ► oo. 

In addition, we will attempt to study the perturbative quantisation. One of the problems 
of quantising action fl94"j) is connected to the tadpole contribution, which is non-vanishing 
and hard to eliminate. The Paris group arrived at similar conclusions. 
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Appendix 

Useful geometric series and variants: 

oo 

n=0 

oo 



i 



n=0 

oo 



1-X' 
X 



71=0 
OO 



n=0 

'OO 



?1=0 

Derivatives yield in the matrix basis 



°" 9 Y 

E(n + 1) „x» = ^ 



y , / daldfpg da 1 df pq da 2 df pq da 2 df pq \ 



p.qeN 2 



~K~a Yl f^". 1 + i( ^> 2 ) (/m * a 1 - a 1 * / M ) + (<^,i - i^, 2 ) (a 1 * / M - / M * a 1 ) 
+(<$„ >3 + i6 uA )(f pg * a 2 - a 2 * f pq ) + (S v>3 - \8 vA ){a 2 -k f pq - f pq -k a 2 )^jij pq 

= ^= Yl ((^,i + ^,2) (v^.w-1 - Vp 1 + 

+(£„,! - 1^,2) (Vp 1 /? 1 -!,? 1 - vV + r/pi,qi + i)/ p 



P.gGN 2 



+ (&/,3 + i^,4)/plgl(-\/g^/p2 g 2-l - vV + l/p 2 +l,9 2 ) 

+ (<^,3 - i^,4)/p 1 ? 1 (v / P^/p 2 -l,9 2 - V 7 ? 2 + l/p^+l))^: 
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p,geN 2 
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+(<J„,i - i^, 2 )(v / P 1 + l^ P i+i,i - v^Vvv-O 



+ (5 u ^ + i5 uA )(^f^l^ pl ql - p i ql ) 

p 2 q 2 + l p 2 — lq 2 



+ (£/,3 - i^, 4 )(v / P 2 + 1^ P l ,1 - 9 i ))fpq 

p 2 + lq 2 p 2 q 2 -\ J 



(A-2) 



We also compute x M • ip in the matrix basis 
2x v ■ ij}{x) = 

fpq 4" /pg * X ) (a?) 

p,gGN 2 

+5 ! ,,3(6 rl )34 r4 * /pg + f pq -kx' i )(x) + (^(A" 1 ) 43 (x * + fpq -k X ){x) 

= A=z Y ^pi{~ (^,i + i^, 2 )(a 1 * f P q + fpq* a 1 ) + (^,i-i^, 2 )(a 1 * f Pq + fpq* a 1 ) 

V p,q&N 2 

-(5 Uj3 + \5 vA ){a 2 -k f pq + f pq -k a 2 ) + (5^3 - \5 vA ){a 2 ★ f pq + f pq -k a 2 ) ) (x) 

= -t= Y ^pi(~ + i( M(vV + i/pi + i,i + V¥f P i g i-i) 



„2 g 2 



- i£„ )2 ) (Vp 1 /^ -1,1 + V 7 ? 1 + 



-(^,3 + i<M(vV + 1/ P i ,1 + V^/pi ,i ) 

p 2 + lg 2 p 2 q 2 — 1 

+0J„ )3 - pi 9 i + v / 9 r +l/„i ,i ))(*) 

„2_1„2 „2„2_i_l / 



( - + i<5„ )2 )( Vp 1 ^.!,! + v 7 ? 1 + l^pi 

V ^%,geN 2 P 2 <? 2 P 2 



'+1 



+ - i5„, 2 )(vV + l^pi + i 9 i + v^Vvv-i) 



-(^,3 + i^, 4 )(v / P 2 "^ pi ,1 + V 7 ? 2 + l^pi 9 i ) 



p 2 — lg 2 

+(^, 3 -iM(v / p 2 + 1 ^ pi 9 i 

p 2 +lg 2 

Partial traces with two kernels 

We do not imply the double index notation here. 

00 

^ ^ K nr n\mn{t )-^n+l,c;c,n+l(^ 



p 2 g 2 +l 

2 °'<- - U f Pq (x). 

p 2 q 2 -l ' 



Wpl ,1 



(A-3) 



n=0 



min(m,n) 



E E 

n m=0 



m\ n 



u I \u 



2u 



1-^ 



2\ 2« 



An+m+l 
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x E ^ n + 1 ^Q e M(*-0(i+2«)( 1 _ e ^(*-0)a»^L^^ x n (t 
Xn(t') m+1 ^(t - O c+2 E (*n(f )*n(* - Of 

min(m,n) , . , . . O 2 \ 2 " 

>< e (:)(:)^' a+2 " , ( i -- 4!i ") 2 "( i ^) 

min(n+l,c) / , , \ / \ /-, n 2\2ti 

( +o(t°,t /o ), 



and we also need to consider the following partial sum: 



^] + l^nm;m+l,n+l(i')^ii+l,c;c,n+l(i — 

n=0 

min(n,rr 



u=0 



n+l\ fn\ fm+l\ fm\ e2M{2+2u) 



u + 1 J \uj \u + 1 / \u 

l-fi 2 \ 2 " +1 



x (1 _ e -4m' )2u+ i / \ Xa (l/) n+m+2 



min(n+l,c) / , ,\ / \ / 1 C>2 \ 2u 

^ ( « ) ( % m(t - tl)(l+2v \i -e-^yv (^f-j *n(f- 



x 

*;=0 



n 

min^m) n2\2«+l 



X 

M=0 



El n + i \ / m \ 2 nt'(2+2«) n _ -4Qt'\2 U +i / 1 ~ ^ \ 
_ o U+vw ( j v 4^ ; 

min(n+l,c) / , -, \ / \ / -, 2 \ 2u 

E ( v ) g)e-«" , "»»»(l - e'«<»'))- (I^jL) 



X 

t;=0 



Expressions in the matrix basis 

[ #xix tk *&*A v *A'= E l(^*^"W(9 1 + 9 2 + l) 
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= \ U> + j a <xj (p 1 + 1 1 + 1) + (p 2 + " 2 + 1) 

\ p 2 g 2 q 2 p 2 p 2 q 2 q 2 p 2 

+ v / P 1 V¥a (1 1 +) , + Jp^Jq^A^A^ 

V f V 1 gp VI pg qi-l 

~2 „2 „2 



p 2 — lg 2 — 1 



-^/^^/^A^l ql A^\ pl - 

„2 „2 „2 „2 



— \/r> 2 



P*Vq*A 



p2 g2 g2 p2 



(2- 



p 2 <; 
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p 2 



p 2 q 2 



+ 



qi-lpi-l 

g 2 p 2 
g 2 — lp 2 — 1 



4 (2+) _ 

l^ 1 1 1 



/^v / p i +i^ ( i +) ^ ( ; + ? 

f V f j,l_lql + 1 

p 2 g 2 q 2 p 2 

r) 2_i --.2 ,72^21 



V 1 V pl gl gl pl V -t V -t pl gl gl pl 

p 2 — 1 q 2 q 2 — lp 2 p 2 — lq 2 q 2 p 2 + 1 

V f V 1 pl q l_i V f V f p 1 + lq 1 q 1 p 1 -l 

p2 q2 g2 p2 p2 q2 q2 p2 

J. \ i p± g± gL pi 

p 2 -\-lq 2 q 2 p 2 — l 
p 2 — lg 2 q 2 p 2 



'q 1 p 1 

-1 q 2 p 2 — 1 
J (2+) 

1 ^ 1 1 



. Q P P 1 9 9 P 

q,2 g2_^p2 p 2 — lg 2 g 2 p 2 

,2 ^2 p2 q2_ip2 



p 2 — lg 2 g 2 p : 
(1 ' 



Vq z q z p A q z — \p A 

q 2 — 1 p 2 g 2 q 2 p 2 - 

+V¥V¥^ +) ql a^-_i + vWp*4i +) ^:! pl 

p 2 g 2 — 1 g 2 p 2 g 2 p 2 — 1 

+v/?vW 1 ;> ll _ 1 4 2 , + * + ^M,, 

g 2 p 2 g 2 g 2 — lp 2 



p 2 — 1 g 2 p 2 g 2 g 2 — lp 2 

+Vp j Vp~ 2 a%\ 1 a[ 2 1 + j_ 1 + vW?^-^?^ 

p 2 — lg 2 g 2 p 2 g 2 — 1 p 2 

n 2 n 2 — 1 p 2 q 2 — 1 q 2 p 2 



q 2 p 2 — 1 p 2 q 2 — l q 2 p 2 

p 2 g 2 g 2 p 2 — 1 p 2 g 1 — lg 2 — 1 / 



g 2 g 2 -l 



q 2 -lq 2 



+ vW(A^*A^) ql7l ql -V¥¥ 2 (A^UA^) ql _ lql 

q'2 q2- — \ q 2 — lq 2 



(A-7) 



(A-8) 
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g 2 — 1 g 2 g 2 g 2 — 1 



+vW(^ (M ^^ (2+) ) ,1 ,i_ 1 -v / 5v(^ (1 - ) *^ (2 - ) ),i^-i 

g 2 — 1 g 2 g 2 g 2 — 1 

-vW+i)(^ (H * ^W-, - vWTij(^ (1+) * ^( 1+ )) 9l _ lql 



+i 



-vW+i)^ 2 "'^' 2 "') ,1 ,1 -vW+i)(^ (2+) *^ (2+) ) .i .i 

q 2 + lq 2 -l q 2 -lq 2 +l 



4tt 2 6 2 

= \{2J% q {A,) qp tf+p l + \) (A-9) 



' V r > v 1 I p i + i,i + i gp pg qi+ipi+i 

\ p 2 q 2 q 2 p' 

V ^ V 1 I p l + i,l + i gp pq 9 l+i p l+i 

\ p 2 q 2 q 2 p 2 / 

+V7TTv / ?nf<t ) ql A^ + A^A^ pl 

\ p 2 +lg 2 +l g 2 +lp 2 +l, 

+v7n v / 7n(V: ) nl a^+a^a^ d1 



pi gi gp 1 pg 9 i P i 

p 2 +lg 2 + l g 2 +lp 2 +l. 



-^J*xx v *A lt *A''*A>> 



2^ (/ 



V g 2 g 2 g 2 g 2 / 

+ V / ? + ^f-(^^^ (2+) ^^), 1 .i +(^*A( 2 -)*^) gl q M, (A-10) 

V g 2 g 2 +l g 2 +lg 2 / 



where e.g. 



(A„*A^*A») qlql+1 = \{A q ^A^A^ +i + A q VA^A^ +i (A-ll) 

g 2 g 2 z \ fc 2 ? 2 fe 2 g 2 

+4a +) ^i 1 6 +) ^^ 1 ) +4a" ) 4 1 6 +) ^ (2+ 1 ) V 
ga aft fciqi+l <? a ob b 1 q 1 +l j 

b 2 n 2 b 2 a 2 / 



b 2 q 2 b 2 q 2 
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'26 



d 4 x(x v *A V + A V * x u ) *Ap-kA^ = 

(A* * A% P - Vq^lA^JA, * A^) 



qp 



+ y/j^+lA^ (A, * A% + v^Aj^C^ * A% 

p2 ^2 p2 ^2 

-y/?A<™ ql (A, * A% - v^ + lA^ * A% 

p 2 — lg 2 p 2 g 2 +l 

+V7+i<T ) 9l (^^ At ), P + v / ?^"i 1 (^WM (A-i2) 

p 2 +lg 2 p 2 q 2 — 1 J 
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